The second-order formal context is a formal context such that its object and attribute sets are disjoint unions of object and attribute sets of external formal contexts. Every subset of object or attribute set will be evaluated from concept lattice of the corresponding external formal context. The paper provides a method to compute such second-order formal concepts by using of bonds between external formal contexts or by using heterogeneous formal context methods. The last part of the paper shows how this structure generalizes homogeneous fuzzy formal context and its derivation operators.
Introduction
An object-attribute block of the binary relational data represents a core of formal concept analysis (FCA) since its first results introduced by Ganter and Wille (1999) . Regarding generalizations, fuzzy logic and fuzzy set theory are frameworks that extend FCA in various ways: one can see multi-adjoint concept lattices working with adjoint triples (Medina and Ojeda-Aciego 2010 , interval-valued L-fuzzy concept lattices (Alcalde et al. 2011) , heterogeneous concept lattices (Antoni et al. 2012 (Antoni et al. , 2014 and connectional concept lattices (Butka, Pócs, and Pócsová 2014; Pócs 2012a Pócs , 2012b . The fuzzy concept-forming operators using the unary mappings called linguistic truth-stressers are investigated on residuated lattices in Bělohlávek and Vychodil (2005a , 2005b . Multilattices as the underlying sets of truth values are considered by Medina, Ojeda-Aciego, and Ruiz-Calviño (2013) , and Cabrera et al. (2014) . In general, FCA is an interesting research area that provides theoretical foundations, fruitful methods, algorithms and underlying applications in many areas and has been investigated in relation to various disciplines and integrated approaches (Carpineto and Romano 2004; Diáz-Moreno and Medina 2014; Dubois and Prade 2012; Kang et al. 2013) .
Concerning intercontextual relationships of formal contexts, the framework of Chu correspondences was introduced by Mori (2007 Mori ( , 2008 for classical binary extension. In this intercontextual direction, an appropriate extension of L-fuzzy Chu correspondence and L-bond has been developed in a categorical approach to FCA by Krídlo and Ojeda-Aciego (2011) . Furthermore, the authors proved that the sets of L-Chu correspondences and of L-bonds have the structure of complete lattice and, moreover, they presented a dual isomorphism between them. The category of L-Chu correspondences embeds classical Chu correspondences and satisfies *-autonomism property . Categorical equivalence of L-fuzzy Chu correspondences and completely lattice L-ordered sets is proved and the corresponding morphisms are stated by Krídlo, Krajči, and OjedaAciego (2012) . In the mentioned paper, the authors introduce the extension of direct product of two L-fuzzy contexts and study their relationship with L-bonds. Some results on the composition of L-fuzzy contexts that share the same attribute set are introduced in Alcalde, Burusco, and Fuentes-González (2012) . In a categorical approach to FCA, the relationship of Chu spaces and concept lattices has been advocated by Zhang (2003) and Krajči (2007) in a classical or generalized setting, as well.
In this paper, we deal with intercontextual relationships of L-contexts in an additional level of generalization based on two sets of L-contexts. The main contribution in this work is the proposal of the new approach in order to extend an L-fuzzy framework and heterogeneous framework. We define a second-order formal context and its derivation operators, moreover present their structural properties. A Galois connection between direct products of different L-fuzzy concept lattices is formed in a continuation of the previous results on categorical equivalence of L-fuzzy Chu correspondences and completely lattice L-ordered sets. Regarding L-bonds, we simplify a second-order fuzzy concept lattice construction and find an isomorphism between a complete lattice of all second-order formal concepts and the special defined L-context.
The structure of this paper is as follows. After a motivation example, Section 3 recalls the basic notions of L-fuzzy formal context, L-bond and L-fuzzy Chu correspondence and details categorical relationship to fuzzy Galois connection. Section 4 introduces a definition of the second-order formal context and the concept-forming operators between products of fuzzy concept lattices. A solution of a motivation example is given in Section 5 and a view on the second-order formal context in terms of heterogeneous formal context and standard homogenic fuzzy operators is provided in Sections 6 and 7.
Motivation example
Imagine a trip of two disjoint groups of people (schoolmates, co-workers, etc.) such that everybody knows each other. As an organizer of the trip, you would like to know their requirements for accommodation. The situation about accommodation is a little complicated because the trip will be located in different places of various types. For example, one destination of the trip would be some place in the mountains oriented for skiing and mountaineering and another destination would be of urban character. Hence, the attributes of accommodation, that we would like to ask about, should correspond to the type of destination. For example, it is nonsense to ask the trip attendees whether they want to stay somewhere near the city centre if they are somewhere in the mountains and also nonsense to ask about a ski slope if they are somewhere in the city. There exist some common accommodation attributes for both place types (hotel restaurant, hotel services, fitness, etc.) such that attendees' requirements should vary due to type of place. For example, a hotel restaurant is more interesting in the mountains than in the city where there are many more places to eat. Similarly for other hotel services.
Every attendee should assign to every accommodation attribute some truth value from the set {1, 0.5, 0} depicted as {•, •, } according to how they require it. An example of such context is in the following table. Let's denote the following table as P as preferences.
In our example, the first group of trip attendees are Anna, Barbara and Clarissa and the second group are David, Eric and Frank. Accommodation attributes are hotel restaurant (duplicated for both types of places, denoted by CR and MR), services (similarly duplicated, denoted by CW and MW), closeness to city centre (denoted by CC) and closeness to ski slope (denoted by SS).
In such context, the information in the table should be read as "Anna doesn't care about services in any place type but during the urban part of the trip she would like to stay somewhere near the city centre", etc.
A particular formal concept of the given context describes a set of trip attendees such that these people together have common requirements for accommodation. There are 80 L-fuzzy formal concepts computed by Łukasziewicz logic.
Nevertheless, there can exist some additional important information that we would like to include in a computing process in a particular way. How to solve such a situation?
In particular, imagine that there are another four formal contexts. The first pair of formal contexts describes a friendship relation inside the each group of such people (denoted as F 1 and F 2 ).
The second pair of formal contexts describes a situation about hotels in a particular type of the place and their offered services (denoted as H 1 and H 2 ). Now, we aim at connecting such table data with known intercontextual mechanisms in order to obtain closed sets of friends from F 1 and F 2 that are able to stay in any of a closed set of hotels from H 1 and H 2 . The hotels of this closed set offer as many requirements from P as it gets.
Preliminaries

Basics
FCA as an applied lattice theory (Ganter and Wille 1999) has become a very useful tool for discovering hidden knowledge inside a data of object-attribute table, so-called formal contexts. The fundamental construction of FCA is a Galois connection between complete lattices of all subset of objects and attributes. A Galois connection consists of two mappings such that a composition of these mappings forms closure operators on each subset of complete lattice. The pair of closed subset of objects and subset of attributes connected to each other by the Galois connection is called a formal concept. The set of formal concepts forms a complete lattice. The mentioned notions were generalized over a fuzzy logic based on a complete residuated lattice. The notions of order, Galois connection and complete lattice were also generalized by Bělohlávek (1998 Bělohlávek ( , 2001 Bělohlávek ( , 2004a Bělohlávek ( , 2004b .
• L, ∧, ∨, 0, 1 is a complete lattice with top 1 and bottom 0, 
The set of all L-concepts of C will be denoted by L-FCL(C). Object or attribute part of any concept is called extent or intent. Sets of all extents or intents of C will be denoted as
An ordering ≤ between L-fuzzy concepts is defined as follows:
L-equality ≈ and L-ordering on the set of formal concepts L-FCL(C) are defined by:
Bonds and Chu correspondences
FCA provides a useful method to connect two formal contexts. A structure of the socalled Chu correspondence was introduced by Mori (2007 Mori ( , 2008 that is very close to the notion of bond (Ganter and Wille 1999) . The notions of Chu correspondence and bond were extended into L-fuzzy Chu correspondence and L-bond by Krídlo and Ojeda-Aciego (2011) . The corresponding notions are recalled now. Definition 5:
The set of all such L-bond relations between such L-contexts will be denoted by L-Bonds r (C 1 , C 2 ).
complete lattices and, moreover, there exists a dual isomorphism between them.
The dual isomorphism between bonds and Chu correspondences is based on the following construction. Consider two L-fuzzy formal contexts
For more details, see Krídlo and Ojeda-Aciego (2011) .
Categorical relationship to fuzzy Galois connection
Categories ChuCors and L-ChuCors of classical or fuzzy formal contexts and classical or fuzzy Chu correspondences are described in Mori (2008) and Krídlo, Krajči, and Ojeda-Aciego (2012) . Important categorical property of * -autonomism is also proved in mentioned papers. The continuation of categorical research in Krídlo and OjedaAciego (2012) resulted in a categorical equivalence of L-ChuCors and a category L-CLOS 1 of so-called completely lattice L-ordered sets and monotone fuzzy Galois connections. Equivalence is proved by constructing of equivalence functor between these categories. We recall that the objects of a category L-CLOS are completely lattice L-ordered sets denoted by L-FCL(C), ≈ , , whereby ≈ is an L-equality and is an L-ordering defined on L-FCL(C). Considering such construction, Bělohlávek has extended the fundamental theorem of concept lattices in a fuzzy setting. The precise definitions can be found in Bělohlávek (2004a) or Krídlo, Krajči, and Ojeda-Aciego (2012) . The arrows (or also called morphisms) of a category L-CLOS are L-isotone Galois connections between two L-CLOS, which are recalled in details by . Definition 8: Let's define a function : L-ChuCors −→ L-CLOS in the following way:
In it is proved that is the equivalence functor. Hence, it holds for the particular two L-concepts that
The previous statement expresses that a pair of mappings
Galois connection as it follows from the following lemma. In the L-fuzzy Galois connections (isotone or antitone), the equality of values instead of the equivalence is used. For the precise definition of L-isotone Galois connection between two L-ordered sets, we refer to 
FCA of second order
Once we have introduced preliminaries, the formal context of second order and the corresponding results are presented now in details.
Definition 9: Consider two non-empty index sets I and J and an L-fuzzy formal context i∈I B i , j∈J A j , r , whereby
Moreover, consider two non-empty sets of L-contexts notated
Formal context of second order is a tuple
An L-ordering J on the set of formal concepts j∈J L-FCL(C j ) is defined similarly. In what follows, consider the below used notation. Let's have an L-set f : X −→ L for a non-empty universe set X = i∈I X i , where X i 1 ∩ X i 2 = ∅ for any i 1 , i 2 ∈ I, i.e. the family
With the help of the functor , we define the mappings between direct products of two sets of fuzzy concept lattices (that correspond to the two sets of L-contexts given above) in the following form:
Definition 10: Let's define the mappings ⇑, ⇓ as follows
ρ ij is said to be closest covering bond.
It is possible to find a bond that is closest to some subrelation in the opposite way as a supremum of lower bonds. This approach requires to omit some information that would be unethical. By the covering from upper side, some truth values will be higher as user choice. But if some user evaluated some attribute with "I don't care about ...", then he or she would not mind if a system will put the higher value. This is the reason why ρ ij is defined in this way.
be a non-empty set of L-concepts of any L-context and K be a non-empty index set. Let be an L-ordering. Then
Proof: Let the L-context be of the form B, A, r . Hence
We use the previous lemma to prove the important property of the concept-forming operators of second-order formal context:
Lemma 5: Pair of mappings ⇑, ⇓ forms L-fuzzy Galois connection between complete lattices i∈I L-FCL(C i ), I and j∈J L-FCL(D j ), J .
Proof: Proof is provided in fuzzy ordering as a generalization of classical one.
Simplification by replacing of subrelations by bonds
In this subsection will be presented a method that simplifies the previous consideration. Definition 11:
, 2} be two L-fuzzy contexts and let β be an arbitrary L-bond between C 1 and C 2 . Consider the following pair of mappings
for any f ∈ L B 1 and g ∈ L A 2 . Lemma 6: Now, we will show that ↑ β , ↓ β is a pair of mappings between complete lattices of extents and intents of C 1 and C 2 , respectively. First, let f be an extent of C 1 .
Proof of ↓ β (g) is an extent of C 1 is easy to obtain similarly with equality
We define an L-context such that its L-concept lattice is isomorphic to a complete lattice of all second-order formal concepts. Definition 12: Let K be a second-order formal context of the form
Lemma 7: Concept lattices of K and K are isomorphic.
where j = ↓ j ( j ), j for any j ∈ J. Then =⇓ ( ) and , is a second-order concept of K.
We proved that the mapping , → , is defined correctly. The mapping is two-way order preserving and also surjective.
Complexity reduction by using of direct product of external contexts
In the previous subsection, there is described the way to simplify the situation by replacing subrelations by the closest covering bond and to find such a bond is a non-trivial problem. In this subsection it will be shown how to approximate the closest bond easily by using the direct product of two formal contexts. Firstly, let's recall some needed notions. Definition 13: Let L be a complete residuated lattice. The negation on L is a unary operation ¬ :
A complete residuated lattice L is said to be preserving a double negation law if for any k ∈ L holds ¬¬k = k.
The direct product of two L-fuzzy contexts, which is defined with the help of binary operation, essentially a disjunction, is introduced in Krídlo, Krajči, and Ojeda-Aciego (2012) as follows:
In the following lemma it will be shown how the notion of direct product is closely related to the notion of bond.
Lemma 8: Let C = B, T, p and D = O, A, q be two L-fuzzy contexts. Then
Due to a double negation law, one can use equality
Proof of the second inclusion can be done analogously. The lemma is speaking only about one-way inclusion between closed sets of direct product and bonds between input contexts. The more detailed results in this area are studied in Krídlo, Krajči, and Ojeda-Aciego (2012) . The properties of the composition of two L-fuzzy contexts that share the same attribute set are studied in Alcalde, Burusco, and Fuentes-González (2012) . Now, we have a very easy way to obtain an approximation of the closest bond corresponding to any pair of external contexts that is covering a particular subrelation.
Let's have any second-order L-fuzzy formal context
then we can easily create K by
where ρ ij is the closure of the subrelation r ij computed by the direct product of corresponding external L-contexts
Regarding the complexity reduction of computation by using direct product of external contexts, the closure computed by the direct product can be slightly different with the closest covering bond. We illustrate this fact in the following section with respect to our motivation example.
Motivation example -solution
The motivation example introduced in Section 2 can be considered as the second-order formal context PFH = {Anna, Barbara, Clarissa} ∪ {David, Eric, Frank},
We recall the tables of preferences of attendees from Section 2 with object external contexts describing friendship relation inside each group and attribute external contexts describing accommodation situation in such destinations Let us see how the main context will change after applying direct product approximation:
Alternatively, we can also find the closest covering bond, which can differ with the closure computed by the direct product. For example, see the subrelation r 1,2 in our example. Approximation by using direct product is on the left, the closest covering bond is on the right:
On the other hand, the subrelation r 2,1 is the example in which the closest covering bond and the closure computed by the direct product are equal.
There are just six (instead of 80 L-concepts of P) L-concepts of PFH (by applying the direct product approximation) such that we can easily convert into the form of secondorder concepts. The following table contains the list of the all second-order concepts.
The second concept can be interpreted as follows. Barbara and Clarissa and also Erik should stay in the hotel H1 because its services as restaurant and its position near city centre are their common attributes. In a mountain place, they should stay with some restrictions in the hotels H4 and H6.
The last one of the concepts describes an extreme situation where all attendees have a small set of common requirements. Hence, they can prefer the city hotel H1 or the mountain hotel H4, but they should stay in any other hotel if they want to be together with some little restrictions.
Connection to heterogeneous formal contexts
This can be a fruitful idea to view the second-order formal context in terms of a heterogeneous formal context proposed by Antoni et al. (2014) . The corresponding notions of the underlying structures are introduced now. Definition 15: Heterogeneous formal context is a tuple B, A, P, R, U, V, , where
• B and A are non-empty sets,
A} is a system of isotone and left-continuous mappings
Let us describe our situation in terms of heterogeneous formal contexts. The translation is below:
• B and A will be the index sets I and J, • complete lattices U i or V j for any (i, j) ∈ B × A = I × J will be the complete lattices Ext(C i ), ≤ and Int(D j ), ≤ , • P i,j will be a complete lattice of all fuzzy relations from L B i ×A j , • any value of relation r will be a binary relation r (i, j) 
for any f ∈ Ext(C i ) and g ∈ Int(D j ) and any (b, a) ∈ B i × A j . The mapping • i,j is isotone due to isotonicity of ⊗.
Lemma 9:
The mapping • i,j is left-continuous.
Proof of left-continuity of the second argument is similar. Definition 16: Let us define a pair of derivation operators , of the following form : i∈I Ext(C i ) → j∈J Int(D j ) and : j∈J Int(D j ) → i∈I Ext(C i ) defined for the heterogeneous formal context mentioned above as follows:
for any Φ ∈ i∈I Ext(C i ) and Ψ ∈ j∈J Int(D j ). Proof: Let j ∈ J be arbitrary.
Hence ↑ K ( ) = ( ). Similarly for ↓ K and .
Connections to standard homogenic fuzzy operators
In this part, we focus on an appropriate generalization of the standard homogenic fuzzy formal concept derivation operators in two different ways. 
Singleton connection
be a second-order formal context. Then concept lattices of C and K are isomorphic. Proof: Let ∈ b∈B Ext(⊥ b ). By the previous lemma it is easy to see that
Similarly for ↓ K =↓. By using Lemma 7, it is sufficient to check that ↑ K =↑ and ↓ K =↓.
The equations in the proof are derived with respect to Definitions 10-12.
= connection
Moreover, another connection is presented in this subsection. The connection is based on the fact that concept lattice of X, X, = is isomorphic to L X in the case that L is closed under double negation law. Finally ↑ K =↑. Similarly for ↓ K =↓.
Conclusion
We have investigated the second-order formal context, its structural properties and connection to heterogeneous formal contexts and standard homogenic fuzzy operators. A motivation example and its solution are provided. In the paper, we give an extended theoretical background of a new higher-order environment in FCA, moreover we deal with an answer how to simplify a computation of the resulting second-order formal concepts. A thorough study of the properties of this extended categorical framework still needs to be conducted. Note 1. Although the CLLOS acronym was introduced in the previous paper, here we prefer to use the acronym L-CLOS to better reflect that we are working on an L-fuzzy extension in an effort to use the notation from recent work of .
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